
Aerosol Reactor Theory: Stability 
and Dynamics of a Continuous Stirred 
Tank Aerosol Reactor 

The stability characteristics of an aerosol reactor in a continuous stirred tank con- 
figuration have been investigated theoretically. Three dimensionless parameters, the 
surface tension group C, reaction rate group R, and residence time group O,, suffice to 
determine the dynamic behavior of this system. The stability of the unique steady 
state was investigated using linear analysis. Numerical integration of the full nonlin- 
ear equations shows that the dynamic behavior was in accord with the predictions of 
the linear stability theory. The system exhibits limitcycle behavior in the unstable 
part of the parameter space. In the unstable region, a simple linear relation was 
found between the period of the numerically computed solutions and the bifurcation 
parameter, 0,. The results of this study are in qualitative agreement with the experi- 
mental results of Badger and Dryden (1939). 
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SCOPE 

Aerosol reactors are of interest in connection with the produc- 
tion of fine particles on a commercial scale. For a continuous re- 
actor, stable, steady operation is necessary to insure constant 
aerosol product properties (e.g., particle size distribution), In- 
deed, sustained oscillations in particle number density and size 
distribution were reported by Badger and Dryden (1939) in their 
studies of “gum” particle formation in coal gas. The objective of 

the present paper was to investigate the stability characteristics of 
a simple type of aerosol reactor. The continuous stirred tank con- 
figuration was chosen because it is a well-established reactor type 
in industry. Stability criteria were sought in terms of the physical 
properties of the aerosol and the controllable operating variables 
of the reactor. Potential applications of this study are to controlled 
aerosol production in flow systems. 

CONCLUSIONS AND SIGNIFICANCE 

A theoretical study was conducted to investigate the stability 
characteristics of an aerosol reactor. In the model selected for 
study, aerosol particles are formed by homogeneous nucleation 
from molecules and molecular clusters of a single species that are 
produced by a zero-order chemical reaction. The particles grow 
by condensation and leave the system by the flow process. 

Friedlander (1983) presented a set of four coupled nonlinear 
ordinary differential equations describing the aerosol dynamics 
in this system. Using this theoretical framework, the dynamic be- 
havior of a continuous stirred tank aerosol reactor (CSTAR) was 
investigated by means of a linear stability analysis. It was found 
that three dimensionless groups suffice to determine the behavior 
of this system. These are: the surface tension group C, the reac- 
tion rate group R, and the residence time group 0,. 

For representative values of these parameters, the system was 
found to have a unique steady state. This was proved using inter- 
val analysis, a relatively new mathematical technique, and is con- 
sistent with the results of a nonrigorous graphical method. 

By linearizing the system about the steady state, the conditions 
under which a small displacement from the steady state will grow 
were determined by examining the signs of the real parts of the 
temporal eigenvalues. The Routh-Hunvitz criterion was used to 
construct the surface separating the stable and unstable regions in 
the three-dimensional parameter space. In the stable region, a 
small perturbation from the steady state will die out after some 
transient period. In the unstable region, even the smallest pertur- 
bation will cause undamped oscillatory behavior in the system 
variables (such as aerosol number density, N). 

This oscillatory performance can be explained as follows. Ini- 
tially, monomer molecules are produced by chemical reaction in 
the CSTAR and aerosol particles are formed by homogeneous nu- 
cleation. New particle formation rapidly ceases because of mono- 
mer depletion by nucleation and condensation onto the aerosol 
surface. The monomer and aerosol particle concentrations are 
also depleted by outflow and wall losses. Monomer production 
continues by chemical reaction; when the number of particles 
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(and consequently the available surface area for monomer con- 
densation) drops below a certain value, homogeneous nucleation 
again becomes important and a new generation of particles is 
formed. In the unstable region of the parameter space, oscilla- 
tions can be sustained indefinitely. 

Choosing the dimensionless residence time 8, as the bifurcation 
parameter, it was found that a simple Hopf bifurcation (two com- 
plex conjugate eigenvalues crossing into the right halfplane) oc- 
curs as e, increases. In the unstable region, a simple linear rela- 
tionship exists between the oscillation period and 0,. It was found 
that by increasing O,, the two complex conjugate eigenvalues do 

not move further into the real positive plane, but at a certain 
value of 8, they “return” and slowly approach the origin of the 
complex plane. The response diagrams provide a quantitative de- 
scription of the effect of instability on the dependent variables of 
the system. The present analysis qualitatively explains the results 
obtained by Badger and Dryden (1939) in their study of particle 
formation in coal gas. The lack of information conceming the 
properties of the condensing aerosol and the reaction rate in their 
system prevents quantitative comparisons between the two stud- 
ies. 

INTRODUCTION 

Aerosol reactors have been used to investigate the behavior of 
aerosols in laboratory studies (smog studies), as well as for the pro- 
duction of fine particles in industry and in laboratory research. 
Friedlander (1982) outlined the basic types of aerosol reactors ac- 
cording to their operational characteristics. He also pointed out 
the need to develop rigorous theoretical models applicable to the 
design of industrial aerosol reactors. The purpose of this paper is 
to investigate the stability characteristics of aerosol reactors. 

Periodic phenomena have previously been observed in aerosol 
systems of industrial interest. Badger and Dryden (1939) were the 
first investigators to report oscillatory behavior in the aerosol 
number density and particle size. They studied aerosol formation 
by chemical reaction between certain diolefins (cyclopentadiene 
and butadiene) and trace amounts of NO in coal gas effluents. 
The reaction chamber in their studies was a holding tank where 
the reactant gases were held for a specified time and the aerosol 
concentration and particle size were measured by means of an ul- 
tramicroscope and an optical microscope. At certain values of the 
controllable parameters of their system, they observed sustained 
oscillations of the aerosol number density as a function of time 
throughout the duration of their experiments. Badger and Dry- 
den reported that the period of oscillation depended on the resi- 
dence time in the holding tank and the amount of NO in the inlet 
stream. 

Periodic phenomena have also been observed in other particle 
forming systems. Reiss et al. (1977) observed oscillatory behavior 
of the nucleation rate in a diffusion cloud chamber during the 
photooxidation of SO,. Heist et al. (1980) also observed oscilla- 
tions in the number of methanol droplets in diffusion cloud cham- 
ber studies of the homogeneous nucleation of methanol. One 
should note, however, that the formation of aerosol in diffusion 
cloud chambers is driven by mass transport, while aerosol forma- 
tion in aerosol reactors is driven by the rate of chemical reaction. 
A continuous industrial crystallizer is somewhat similar to the 
continuous stirred tank aerosol reactor (CSTAR), since nucleation 
and particle growth are important in both systems. Time-peri- 
odic phenomena have been observed in crystallizers, and linear 
stability analysis has been extensively used to predict the regions 
of the parameter space in which oscillatory behavior in crystal 
size distribution and number density will occur (Sherwin et al., 
1967; Randolph, 1980; Jerauld et al., 1983). 

Friedlander (1977) outlined the principles of aerosol reactors 
operating in the CSTR mode and gave simple analytical solutions 
for the aerosol size distribution for some limiting cases. Crump 
and Seinfeld (1980) developed a theoretical model of aerosol be- 
havior in a continuous stirred tank reactor. For an arbitrary inlet 
aerosol size distribution and for a coagulation coefficient and par- 
ticle growth rate independent of particle size, they obtained exact 
solutions for the steady state aerosol distribution. Friedlander 

(1983) presented a theoretical model for aerosol formation by 
chemical reaction in the absence of coagulation in batch and flow 
aerosol reactors. His analysis resulted in four coupled nonlinear 
ordinary differential equations that determined the dynamic be- 
havior of the aerosol. He also described a method that can be used 
to investigate the stability characteristics of an aerosol flow reac- 
tor. 

In this paper, a theoretical study of the stability characteristics 
of a CSTAR is presented using Friedlander’s (1983) model. The 
CSTAR configuration was chosen because it is a relatively simple 
system to model. In addition, experiments showing the existence 
of oscillatory phenomena in these systems have been carried out 
in a similar reactor configuration (Badger and Dryden, 1939). 
Using linear stability analysis, the stability criteria are expressed 
in terms of dimensionless groups of parameters, which are simple 
functions of the physical properties of the aerosol and the control- 
lable operating variables of the reactor. Since the stability criteria 
can be presented in terms of parameters that are independent of 
the steady state values of the dependent variables, the results of 
the study can be easily interpreted in terms of design parameters 
in order to test the theory 

MODEL DESCRIPTION 

The model to be considered here has been discussed by 
Friedlander (1983), so we will confine our remarks to a brief de- 
scription of the overall process. 

The CSTAR is a well mixed, isothermal, constant volume tank 
into which the reactant gases are carried at a constant flow rate. 
Inside, they react and form a single, condensable (low vapor pres- 
sure)-molecular species by a zero-order chemical reaction with 
rate R .  Molecular collisions between the condensable molecules 
(monomers) produce stable aeEosol particles consisting of k* (crit- 
ical size) molecules at a rate, I ,  according to classical nucleation 
theory. The newly formed particles grow according to the molec- 
ular bombardment growth mechanism by 5cavenging molecules 
(monomers) onto their surfaces of total are A, until they leave the 
system in the product stream. Monomer, cluster, and particle wall 
losses, coagulation, subcritical cluster scavenging, and the effect 
of particle surface curvature on aerosol evaporation rate (Kelvin 
effect) are neglected. 

Thus, one can write a mass balance for the monomer concen- 
tration: 

where n, is the monomer concentration at saturation conditions, 
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m, is the monomer mass, and 7 is the residence time of the 
CSTAR. The first term on the righthand side of Eq. 1 represents 
the rate of introduction of new monomers into the system. The 
second term represents the rate at which monomers are consumed 
in the formation of new aerosol by nucleation. The third term 
stands for the net rate at which monomers are lost by condensa- 
tion and gained by evaporation from the surface of the aerosol. 
The last term accounts for the monomer lost from the system by 
outflow. 

The rate of change of the various moments of the aerosol size 
distribution in this system can be written in the same way 
(Friedlander, 1983): 

Aerosol surface area, A 

TABLE 1. DIMENSIONLESS VARIABLES AND PARAMETERS 

Grow Phvsical Meanine 

s = '  n 
n, 

Saturation ratio 

Surface tension 

Nucleation rate 

Reaction rate 

dA - A 
dt 7 
_ -  - Ik*2'3~l + 2?rB1(S - l)M1 - - Number density 

First moment, &, First moment 

(3) Aerosol area 

Time 

Residence time 

Aerosol number density, fi 

(4) 

where 
properties as functions of time without computing the size distri- 
bution of the aerosol. 

saturation ratio S I -  nl 
n, 

and d,, s,, z), are the monomer diameter, surface area, and 
volume, respectively. The nucleation rate is given by the classi- 
cal theory of homogeneous nucleation (Frenkel, 1955) as: 

CALCULATION OF THE STEADY STATE 

By setting the lefthand sides of Eqs. 7-10 equal to zero, the 
steady state equations 

No - I ,  8, (13) 

and the critical particle size, k*,  is given by 

(16) R - I, k,' - ( S o  - 1)A, %, 1 
Introducing the set of dimensionless variables and parameters 

shown in Table 1, the system of Eqs. 1-6 can be rewritten in 
dimensionless form as 

are obtained, where I, and ki are the functions I and k* evalu- 
ated at S = So. By successive substitution of Eqs. 13, 14, and 
15 into Eq. 16, the following expression is obtained 

S 
- 3  dS R - Ik* - (S - l )A  -- 
de 0, 

(7)  S 
f(S,) = R - - 1, k,' 

0, 

I1  (So  - l)%?.I0 = 0 (17) (9) 

Substituting Eqs. 11 and 12 into Eq. 17 results in a transcen- 
dental equation involving the single variable So. The zeros of 
this equation can be found using Muller's algorithm as imple- 
mented in the standard subroutine ZREALl (IMSL, 1980). 

At this point, the question arises as to how many steady states 
are possible in this system. In Figure 1, one can see the depen- 
dence of the steady state saturation ratio, S,,, on R for various val- 
ues of %, and a fixed value of C. The numerical results indicate 
that R is a monotonic function of So, and that dRldS, is positive for 
the values of the system parameters shown. This provides strong 
evidence that the system has a unique steady state, but it is not a 
rigorous proof of the uniqueness of the solution So (R;  O,, 2). If it 

Thus, given the dimensionless parameters C, R,  and %,, and the 
initial values of S, A, MI, and N ,  one can calculate the aerosol 
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Figure 1. Schematic plots of Eq. 17 showing uniqueness of 
steady state. In all cases R Is a monotonic function of So and 

dR/dS, Is positive. 

can be shown that dRldS, > 0 always, then the conclusion 
would be rigorous (Uppal et al., 1974; Jerauld et al., 1983). 

In this problem, uniqueness can be rigorously established by 
the use of interval analysis (Moore, 1979), combined with a con- 
traction mapping based on either the Schauder or Bmuwer fixed 
point theorems (Moore and Jones, 1977). Given the values of the 
parameters C, R, and OC, we can establish the uniqueness or non- 
existence of a zzro So of the function f in Eq. 17, in the finite inter- 
val [So] = Is,, s,]. This technique is extendable to n equations in 
n unknowns, and is useful in a variety of engineering problems, 
because the range of the variables is often known and finite. (For 
example, in CSTR problems the reactant conversion varies from 
zero to unity; in our case, the saturation ratio may vary from 
unity up to some finite value determined by the initial condi- 
tions.) In our work, we use the algorithm of Krawczyk (1969), as 
extended by Moore and Jones (1977). Here, an interval [So'"'] 
thought to contain a zero off is mapped into a new @ossibly 
smaller) interval [SoL"' "1 by the scheme 

[ S ~ ~ " + ~ ) I  = [s,'")] n [~([s,~")])] (18) 

y(") is the midpoint of the interval [S,c")], Y(") is the inverse of the 
midpoint of the interval [df([S,cU)])/dS,], and the square brackets 
denote an interval. With the exception of the calculation of the 
upper and lower bounds of the interval [df([S,'"'])/dS,], the inter- 
val arithmetic operations in Eq. 19 are easily performed (Moore, 
1979). 

If the interval [So("+')] formed in Eq. 18 is empty, then [S,(u)] 
does not contain a zero off. If [S,(O+')], is strictly included in [S,c")], 
thenf has at least one zero in [S,(o)], the uniqueness of which can 
be decided according to the method described in theorem 5.4 of 
Moore (1979). If neither of these situations obtains, [S&"+')] is 
bisected and the algorithm, Eqs. 18-19, is repeated until either 

uniqueness or nonexistence is established, or the bisected intervals 
are too small for the available machine precision. This last possi- 
bility did not arise in the present work. 

This method was successfully applied in our case and conver- 
gence to the unique steady state was always achieved. However, it 
should be noted that special care was required in bounding dfldS, 
on [S,Cu)]. 

STABILITY ANALYSIS 

To determine the conditions under which a CSTAR exhibits 
stable or unstable behavior, a linear stability analysis was per- 
formed. Equations 7-10 were linearized about the steady state, 
and conditions for the growth of a small perturbation about the 
steady state were determined using the Routh-Hurwitz criteria. 
Denoting the disturbances to the steady state by S', A', M'1, and 
N', the linear perturbation equations are 

1 2 
8, 3 

- - A' + - (So  - 1)MI' 

1 1 
0, 3 

- -MI'+ - (So - 1)" 

For b - 0, 113, 213, 1 it can be easily shown that 

The characteristic equation of this system is an algebraic equa- 
tionof theformA4 + ax3 + PA' + yA + 6 - 0 wherea, p, 
7, and 6 are highly nonlinear functions of the dimensionless 
parameters and the steady state values of the dependent vari- 
ables (Appendix). Simultaneous satisfaction of the conditions: 

ff,F,y,G > 0 
yz - CYPy + a's < 0 (20) 

(Karman and Biot, 1940) is necessary and sufficient for the stabil- 
ity of the steady solution of Eqs. 7-10. As one can see in the Ap- 
pendix, the coefficients of the characteristic equation are always 
positive. Hence y2 - aby + a26 = 0 becomes the criterion 
that can be used to construct the surface separating the stable and 
unstable regions in the three-dimensional parameter space. The 
dependence of the criterion on the steady state variables is impli- 
citly eliminated using Eqs. 13-17. Figure 2 shows the location of 
three different stability boundaries for four values of Z, in the 
R - 0, plane. For d, > dp*, the Kelvin effect was neglected in 
Eqs. 1-3. The validity of this assumption was tested in a separate 
analysis by substituting (S - SdP./ap for (S - 1) in Eqs. 1-3. For 
L: > 1.8, the location of the stability boundary was not affected by 
neglecting the Kelvin effect. 

For a given aerosol species, C is a fixed parameter that is calcu- 
lated from the physical properties of the substance. For example, 
Z = 2.4 for ethane sulfinic acid at 20°C as estimated by Becker 
and Reiss (1976); Z = 2.9 for NH&l at 23°C (Henry et al., 
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Figure 2. Stability map In the R - 0, plane. Each curve, 
corresponding to a fixed value of 2, separates the stable 
(left) from the unstable (rlght) parts of the parameter space. 

1983); and Z = 4.7 for dibutylphthalate and Z = 5.2 for 
aluminum sec-butoxide at 25°C. Generally, Z decreases with 
increasing temperature. In the experiments of Henry et al. (1983) 
Z was decreased from 4.7 to 2.1 by increasing T from 253 to 296 
K. The value of R can be controlled by varying the concentrations 
of the reactants or, for a photochemical system, by varying the 
intensity of the light source. In production of NH4Cl aerosol, 
R varied from to 103 for various combinations of NH3 and 
HCI concentrations. The easiest parameter to control is B,, which 
can be varied by adjusting the flow rate of the reactant gases or 
the size of the reaction vessel (0, = 1,OoO corresponds to 7 = 27 s 
in a CSTAR producing NH&l aerosol at 300 K, or to 7 = 35 min 
in a CSTAR producing dioctylphthalate aerosol). 

Since 0, is the most convenient parameter to control in our sys- 
tem, one can examine the stability of the aerosol reactor by using 
0, as the bifurcation parameter of the system. Thus, for f ~ e d  C 
and R,  one can change the behavior of the system from stable to 
unstable by increasing 0,. The existence of a unique but unstable 
steady solution in this system guarantees the existence of at least 
one (attracting) solution which does not asymptotically approach 
a steady state. In our case, we have a Hopf bifurcation since two 
complex conjugate eigenvalues cross the imaginary axis at the bi- 
furcation point while the other two remain real and negative. 
Thus, there will be a limit-cycle solution when the system oper- 
ates in the unstable region of the parameter space. This limit cycle 
may itself be stable or unstable (Marsden and McCracken, 1976, 
pp. 91 et seq.). 

The location of the complex conjugate pair of eigenvalues in 
the unstable right half-plane (RHP) was investigated as a func- 
tion of the bifurcation parameter, B,, and the rather interesting 
behavior shown in Figure 3a was observed. Fixing C - 2 and 
R = 100,8, was varied from 100 to 1O,OOO, while the bifurcation 
point was found to be at Bc,Bp = 829. By increasing 0,, the complex 
conjugate eigenvalue pair crosses the imaginary axis and 

mows further into the RHP. However, at a pertain value of 0, (in 
this case 0, = Z,OOO), the pair of complex eigenvalues starts to 
“return” toward the imaginary axis and asymptotically ap- 
proaches the origin of the complex plane from the RHI? At the 
same time, one of the two real negative eigenvalues (not shown in 
Figure 3a) asymptotically approaches the origin of the complex 
plane from the left side, while the fourth eigenvalue approaches 
minus infinity. Ark (1975) has reported the results of Lee (1970) in 
this form, showing the effect of the Lewis number on the stability 
of an exothermic reaction occurring inside a porous catalyst pel- 
let. The present results show that as the system “moves” further 
into the unstable region, the system becomes “less unstable.” To 
our knowledge this is the first time that such an eigenvalue move- 
ment in the RHP has been reported. We investigated the real part 
of the unstable eigenvalues in the RHP by using a modified form 
of the Routh-Hunvitz criterion. In Figure 3b are shown the iso- 
pleths of the real part, A,, of the most unstable eigenvalues of the 
linear perturbation equations. It is clearly seen that the largest 
values of A, are confined to a relatively small region of the parame- 
ter space, close to the stability boundary. This result may be of 
someengineering significance, such as in the design of controls for 
a CSTAFL 

RESULTS 

To provide evidence for the stability of the limit cycle solutions, 
the dynamic response of the full nonlinear system, Eqs. 7-10, was 
examined for two sets of parameter values located in the stable 
and unstable parts of the parameter space. Thus, in Figures 4a 
and b, the response of the system in the stable region is shown for 
C = 2, R = 100, and 8, = 30. The aerosol number density has 
been plotted as function of time (Figure 4a). Here, time has been 
expressed as a multiple of the reactor’s residence time, which is a 
more convenient variable for a CSTAR. It is seen that a perturba- 
tion in N dies out after some transient period. In Figure 4b, a two- 

x=2 

~ = 2 0 0 0  

-0.30 -0.20 -0.10 0.30 ~10-4  

-0.401 I( lo - ’  
Figure 3a. Movement of unstable eigenvalues of the linear- 
ized system as a function of bifurcation parameter 8, In the 

complex plane. 
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where the period ratio is unity by definition. In the range of 0, val- 
ues from 829 to lo5 a simple linear relationship was found to hold 
between the period ratio and the bifurcation parameter. Thus, 
one can write 

for the oscillation period in the unstable region (where h = 1 in 
this case). Therefore, the use of TRp as the period in the unstable 
parameter region is not valid. The magnitude of the error for such 
an assumption will be a function of the “distance” from the bifur- 
cation point and can be calculated from Eq. 21. 

From an engineering point of view, it is of interest to know the 
amplitude of oscillation of the system variables (e. g., N) as a func- 
tion of the bifurcation parameter (e.g., 0J. The standard way to 
show this dependence is by constructing a response diagram, as 
shown in Figure 7 for N as a function of 0, for R = 100 and 
C - 2. The solid line shows the steady response of N as a function 
of 8, in the stable region. The heavy black dot indicates the value 
of N at the bifurcation point. The dashed line shows the unstable 
steady state values of N bounded above and below by an envelope 
of points showing the minimum and maximum values of N dur- 

10- 
100 10’ 10’ 10’ 10‘ 10’ 10’ 

e, 
Figure 3b. lsopieths of positive real parts of unstable elgen- 
values In the unstable region. lsopleth A, = 0 corresponds to 

the marginal stabiilty boundary. 

dimensional projection of a typical phase space trajectory, corres- 
ponding to the approach to a stable steady state, is shown. In 
Figures 5a and b, the dynamic response of the system is examined 
for C = 2, R = 100,8, = 3,000, for which the linear analysis 
indicates that the steady state is unstable and the Hopf theorem 
(Marsden and McCracken, 1976) implies the existence of a limit 
cycle. In this case, N oscillates around its unstable steady 
value (Figure 5a) and an apparently stable limit cycle appears to 
surround the steady solution in this two-dimensional projection 
(Figure 5b). The behavior of the nonlinear system was examined 
for various values of the system parameters and in all cases was 
found to be consistent with the predictions of the linear theory. 
This indicates that the boundaries mapped out by the linearized 
stability analysis actually separate stable and unstable behavior of 
the nonlinear system. 

From Figure 5a, one can estimate the oscillation period. It is of 
interest to find the dependence of the period on the system pa- 
rameters, since our system exhibits a typical Hopf bifurcation. 
According to Hopfs theorem (Marsden and McCracken, 1976) 
the period of the limit cycle at the bifurcation point is given by 
T B p  = 2u/ I x f  J where the denominator is the absolute value of 
the imaginary eigenvalues at the bifurcation point. In principle, 
this formula is valid only on the stability boundary, and nowhere 
else in the parameter space. The question frequently arises (e.g., 
Jerauld et al., 1983) as to the validity of this expression as one 
m o w  away from the bifurcation point. Jerauld et al. modeled 
crystal formation and growth in a continuous crystallizer and 
found that the period of oscillation at the stability boundary was a 
good estimate of the period of oscillation “far away” from the sta- 
bility boundary in the unstable part of the parameter space. The 
possibility of a similar result in our system was quantitatively in- 
vestigated. In Figure 6, the ratio of the period TN of the numerical 
solution of Eqs. 7-10 to the period TBp at the bifurcation point is 
plotted against the bifurcation parameter, 8,, for fixed C and R. 
For C = 2 and R = 100 the bifurcation point is at 8c,Bp = 829 

+loo  s’.oo lb.00 lb.00 2b.00 65.00 310.00 
T I M  o/o, 

1=2 

0, =30 
3, R = l O O  

W 01 

+.SO OI.95 l’.OO 1’.05 1l.10 
RRER R/R, 

Figure 4. System response In the stable parameter region. 
(a) Normalized number density, N/N,, as a function of normalized t h e ,  818,. initial val- 
ues of S, A, M, and Nare 90% of the steady state values, so that the system reaches its 

steady stale after some transient period. 
(b) The correspondlng phase plot in terms ol normallzed aerosol number density N/No, 

and aerosol sutlace area NA,. 
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Figure 5. System response in unstable region. 
(a) initial values of S, A, M, and N ere 90% of the steady state values. Dependent varia- 
bles of lhe system (here number density is shown) oscillate emund their stationary 

values. 
(b) The corresponding phase plot. A llmlt cyde surrounds the Etationary polnt, (1,l); il 

is independent of the initial conditions. 

ing the oscillations. Figure 7 indicates that both the oscillation 
amplitude and the average of the maximum and minimum am- 
plitudes of the (presumably periodic) oscillations decrease as 0, in- 
creases. Similar data representation has been done in the classic 
CSTR stability analysis of Uppal et al. (1974). At this point, we 
note that numerical integration shows the form of the oscillation 
(amplitude and period of the stable limit cycle) to be independent 
of the magnitude of the initial perturbation. For a given combi- 
nation of tic, R,  and C, there appears to be only one attracting so- 
lution. 

COMPARISON WITH EXPERIMENTAL RESULTS 

Badger and Dryden (1939, Table 11) reported the period of ob- 
served oscillations and the corresponding values of NO concentra- 
tion and reactor residence time. Data taken for fixed values of NO 

100 
f I  

L 

Lrr 
fBP 10 r 

d 
104 10' 

Figure 6. Perlod of osclllation (TN) of number density as a 
function of bifurcation parameter 8, Dot corresponds to 

blfurcation point (BP). Here &,Bp = 829 and TBp = 2,123. 

8, 10' 

concentration can be compared with theory through Eq. 21, For 
constant values of R and C,  Eq. 21 relates the period of the ob- 
served oscillations, TN, to the residence time of the CSTAR: 
TN = const 7". Ouranalysisindjcatesthath = 1 (Figure6). The 
experiments of Badger and Dryden for [NO] = 1 ppm and 
r = 0.65handr = 0.94hresultinh = 1.12. 

To compare the form of the oscillations of N given by our model 
with the observations of Badger and Dryden, Eqs. 7-10 were in- 
tegrated for arbitrary parameter values (because of the lack of 
data for R and C) in both the stable and unstable regions of the 
parameter space. The initial conditions were taken as S, = 1, 
A, = MI, = N, = 0, where the aerosol moments have been set 
equal to zero (inlet gas stream was free of particles) as in the exper- 
iments of Badger and Dryden. In both the stable and unstable 
cases, N grows rapidly to an initial maximum, but the longtime 
behavior is different in the two cases. In the stable part of the pa- 

0.30 .  
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500 1000 1600 2000 2500 
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Figure 7. Response dlagram of number denslty N, as a func- 
tlon of bifurcation parameter 8, 
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Flgure 8. Sample calculatlon of Nas  a functlon of time B In a 
CSTAR operatlng In the unstable region: 2 = 4, R = 1, 8,  = 
300. Initial values are S, = 1 and Al = MI( = Nl = 0. Initially N 
grows rapidly but gradually decreases and after 5-10 resl- 

dence times exhibits sustained oscillatory behavlor. 

rameter space, N decreases slowly due to the dilution effect of the 
flow process, and asymptotically approaches its steady state 
value. In the unstable region (Figure 8), N gradually decreases as 
in the stable region, but instead of approaching a steady state 
value, oscillates about the unstable steady state with an ampli- 
tude that varies by an order of magnitude. The shape of the oscil- 
lations is related to the physical processes occuring in the system. 
Thus, one can see that N sharply increases (corresponding to par- 
ticle formation), and later decreases rather slowly (corresponding 
to particle removal by the flow process). Similar trends in the be- 
havior of the particle concentration can be seen in Figure 3b of 
Badger andDryden (1939). These investigators attributed the rise 
in N (during the course of the oscillations) to gum vapor conden- 
sation on existing ions. Our model provides an alternative expla- 
nation of the observed phenomenon by attributing the appear- 
ance of successive particle batches to particle formation by 
homogeneous nucleation. 

Badger and Dryden studied the equilibrium between the rate 
of ion production and the rate of particle removal by outflow. 
They postulated that oscillations in N appeared for low values of 
the ratio of NO concentration to reactor residence time, while the 
reactor exhibited stable behavior for high values of this ratio. Our 
theory provides a universal criterion (stability map) for the ap- 
pearance of oscillations in CSTARs operating under the assump- 
tions stated earlier. 
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NOTATION 

aerosol surface area 
monomer diameter, m/molecule 
function of steady state, So 
nucleation rate, particles/m3 - s 
mapped interval defined by Eq. 19 
critical particle size, molecules/particle 
Boltzmann constant 
aerosol first moment 
monomer mass, kg/molecule 

Superscripts 
I - - 

- - U 
overbar - 
underbar = 

- - rv 

Subscripts 

i 
- - 0 
- - 

aerosol number density 
monomer concentration, molecules/m3 
monomer concentration at saturation, mole- 
cules/m3 
reaction rate, molecules/m3 s 
saturation ratio 
monomer surface area, m*/molecule 
temperature, K 
dimensionless period of oscillation 
dimensionless period of oscillation at the bi- 
furcation point 
time, s 
monomer volume, m3/molecule 
inverse of the midpoint of the interval 
[df([S,"'I)ldS,l 
midpoint of interval [S,'"'] 

coefficients of the characteristic equation 
dimensionless time 
dimensionless residence time 
complex eigenvalue 
imaginary part of X 
real part of X 
dimensionless surface tension group 
surface tension, N/m 
residence time, s 

deviation from steady state 
uth interval 
upper limit of an interval 
lower limit of an interval 
dimensional 

steady state 
initial value 

APPENDIX COEFFICIENTS OF THE QUARTIC CHARACTERISTIC 
EQUATION 

The characteristic equation is given here by- 

0 
1 

A, - (S, - 1) O 

2 X -(s" - 1) 0 
dlk *2'3 
(7)" + 3 

- - - 
0, 

0 

The Coefficients of the characteristic equation are obtained af- 
ter algebraic manipulation of the above equation: 

a=(%) + A , + -  4 
0, 

= o  
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y =  [(g) + A , + -  - 
39, 4 1  e,2 3 

+ 2(S, - (dz) 
9 0 

The roots X, of the characteristic equation are the eigenvalues of 
the linearized system, the solution of which is given by (Denn, 
1975): 
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